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Abstract 

We consider static circularly symmetric solution of three-dimensional Einstein's 
equations with negative cosmological constant (the BTZ black hole). The case of 
zero cosmological constant corresponding to the interior region of a black hole is 
analyzed in detail. We prove that the maximally extended BTZ solution with zero 
cosmological constant coincides with flat three-dimensional Minkowskian space-time 
without any singularity and horizons. The Euclidean version of this solution is 
shown to have physical interpretation in the geometric theory of defects in solids 
describing combined wedge and screw dislocations. 



1 Introduction 

Three-dimensional static circularly symmetric solution of three-dimensional Einstein's 
equations (the BTZ black hole [T]) attracted much interest last years, and is believed to 
be a good relatively simple laboratory for analyzing general aspects of black hole physics. 
The BTZ solution is the most general black hole solution in three dimensions, which 
is guaranteed by the three-dimensional version of Birkhoff's theorem [2]. It has very 
interesting classical and quantum properties (for review see, i.e. [3]). 

Global structure of the BTZ solution was analyzed in (HE]. In these articles the black 
hole space-time was considered as the quotient space of the anti-de Sitter space by the 
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action of the discrete transformation group. This approach deserves a deeper analysis 
because the transformation group has fixed points, and therefore the quotient space is 
not a manifold. The situation is unclear especially in the interior region of the black hole. 
To clarify the global structure of the interior region, we consider the BTZ solution for 
zero cosmological constant. In this simple case, all coordinate transformations can be 
written explicitly, and behavior of geodesies is analyzed. We prove that the maximally 
extended (along geodesies) BTZ solution for zero cosmological constant coincides with 
flat Minkowskian space-time without any singularity and horizons for infinite range of 
the angle coordinate ip. The BTZ solution in the original coordinates covers only one 
half of the Minkowskian space-time, and the two planes corresponding to r = are just 
coordinate singularities. Two copies of the BTZ solution cover the whole Minkowskian 
space-time and are smoothly glued at r = 0. 

If we make the angle identification ip ~ ip + 2tt than four cones with the same vertex 
appear in the interior region of the BTZ black hole located at the inner horizon r_. 

Next we analyze the Euclidean version of the BTZ solution. In this case the solution 
has physical interpretation in solid state physics. In the geometric theory of defects 
developed in [61 [7], [9] (for review see [10J ) it depends on the Poisson ratio and describes 
combined wedge and screw dislocations. 



2 The BTZ solution 

We consider a three-dimensional manifold M with local coordinates x^, n — 0, 1, 2. Sup- 
pose it is endowed with a Lorentzian signature metric g^x), signg^ = (H ), which 

satisfies Einstein's equations 

= Ag^ (1) 

with a cosmological constant A = —2/ 1 2 . In three dimensions the full curvature tensor is 
defined by its Ricci tensor 

R = -e \E sR xc > R = R p 

±L pvpcj c pu\° paQ ±L i AL pu AL ppu 

where e^ u \ is the totally antisymmetric tensor, eoi2 = i/det g^ v . Therefore, any smooth 
solution of Einstein's equations on a manifold (by solution we mean a pair (M, g)) is a 
space-time of constant curvature. The universal covering spaces for positive, zero, and 
negative cosmological constant are respectively de Sitter, Euclidean, and anti de Sitter 
spaces. All other smooth solutions (M, g) are obtained from these solutions by an action 
of an isometry transformation group which acts freely and properly discontinuous (see, i.e. 

Afterwards, a solution will be isometric to some fundamental domain of de Sitter, 
Euclidean, or anti de Sitter space with properly identified boundaries. These solutions 
are considered as known ones though explicit action of a transformation group may be 
quite complicated. All these solutions are smooth, have no singularities and horizons, and 
therefore do not describe black holes. 

Theory becomes much richer if we admit the existence of singularities at points, lines, 
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or surfaces in M. The famous BTZ solution is [T] 

/ J 2 r 2 \ dr 2 ( J x 2 

ds 2 = -M + — + — )dt 2 - = j— -r 2 (dip- —dt 

r 2 \ , n <ir 2 



-M + — - I dt 2 - 2- - r 2 dp A + Jdtdp 

where M and J are two integration constants, having physical interpretation of the mass 
and angular momentum of the black hole. We shall see later that the inner horizon r_ 
becomes a line in M with four cones at each point. This solution is supposed to be written 
in cylindrical coordinate system 

te (-00,00), re (0,oo), pe(0,2n). (3) 

Metric (|2J) has two commuting Killing vector fields: Ki = d t and K 2 = d v . 
Outer r + and inner r_ horizons of the BTZ solution 



M,1 'i±Ji '■ 



M 2 l 2 



are defined by two positive zeroes of the function 

N(r) = -M+^ + ^ = 0. 

Here we assume that | J\ < Ml. 

We make four comments on the form of this solution. 

1) The space-time (M, g) with metric ([2]), ([3]) is not locally a constant curvature space, 
because any point lying in the singularity r = r_ do not have a neighborhood of constant 
curvature. Here we consider singular points (t,r = r_,ip) belonging to M. In fact, we 
shall see that points r = r_ are not points of a manifold, and do not have neighborhoods 
diffeomorphic to a ball at all. 

2) The range of (p is determined by its interpretation as an angle in the region r —>■ 00 
where the space-time becomes asymptotically anti-de Sitter. The mass is supposed to be 
positive, because otherwise there is no horizon. The case M < and A > 0, corresponding 
to de Sitter asymptotic (which has a horizon) is not considered because (p can not be 
interpreted as the angle coordinate in this case. The sign of J corresponds to left and 
right rotations and does not contribute to the global structure of the solution. Thus, range 
of coordinates ([3]) and the signs of the cosmological constant and the mass are uniquely 
determined by two requirements: (i) ip is an angle in the asymptotic region r — > 00 and 
(ii) the solution has at least one horizon. 

3) For zero cosmological constant A = and angular momentum J = the metric is 

ds 2 = -Mdt 2 + d C-r 2 dp 2 . 

For positive mass M > 0, it has no conical singularity at r = because now r and (p 
are coordinates on the two-dimensional Minkowskian space-time of signature (H — ) but 
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not on the Euclidean plane. This is in contrast with a common belief that static point 
particles in three-dimensional gravity are described by conical singularities, distributed 
on a space-like section of M [121 IT31 IT4] . 

4) There are four regions of r where coordinate lines t, r, and ip have different types of 
tangent vectors. Coordinate lines t and r may be either timelike or spacelike, depending on 
range of r which has three distinguished points: r + , r_, and r 3 = Ml 2 . The coordinate line 
ip is always spacelike. We summarize different properties of coordinates in the Table, where 
plus and minus signs denote respectively timelike and spacelike character of coordinates. 
We see that the coordinate t is timelike only for large r > r 3 . In two regions, r + < r < r 3 





t 


r 




r 3 < r < oo 


+ 






r + < r < r 3 








r_ < r < r + 




+ 




< r < r_ 









Table 1: Timelike "+" and spacelike "— " character of coordinate lines in different regions 
of r. 

and < r < r_, all coordinates are spacelike. 

Global structure of solution (J2]) was described in [4] in terms of the quotient space of 
the anti-de Sitter space, and the Carter-Penrose diagrams were drawn for the metric 

dl 2 = Ndt 2 - N^dr 2 . (4) 

This description deserves a deeper analysis especially at the vicinity of the singularity for 
two reasons. First, the transformation group used to obtain the quotient of the anti-de 
Sitter space in [4] does not act freely because it has fixed points [5] . Second, the coordinate 
lines have different character, and the induced metric on sections of M corresponding to 
constant angle (p = const differs essentially from (T4J). Therefore we can not say that the 
global solution is topologically the product of the Carter-Penrose diagram on a circle. 
In the next section we give a different description of the global structure in terms of the 
product of real line t' e R on the corresponding Carter-Penrose diagram. 

3 The interior region of the BTZ black hole 

By global solution we mean a pair (M, g) where (i) the metric satisfies Einstein's equations 
and (ii) any extremal (geodesic) either can be continued in both directions to an infinite 
value of the canonical parameter or it ends up at a singular point at a finite value. This 
solution is also called maximally extended. To construct a maximally extended solution 
for BTZ metric (|2j) we shall use a conformal block method described in [15] which was 
developed for two-dimensional metrics having one Killing vector field. 

To analyze global structure of the interior region of the BTZ black hole, we assume 
that cosmological constant is zero, A = or / — ► oo. This assumption simplifies essentially 
formulae, which now may be written explicitly. Moreover, in this case the solution has 
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direct interpretation in the geometric theory of defects describing a linear dislocation 
which is a combination of screw and wedge dislocations (see section [5]). 

For later comparison, we draw the Carter-Penrose diagram for two-dimensional metric 
flU) with 

N(r) = -a 2 + £ (5) 

where for simplicity we introduced new notations M = a 2 and c = J/2. In the geometric 
theory of defects, a = 1 + 9, where 6 is the deficit angle of the wedge dislocation, and 
c = 6/27T, where b is the Burgers vector of the screw dislocation. The function becomes 
a conformal factor in coordinates t, r' where new radial coordinate r' is determined by the 
ordinary differential equation 

— = N(r). 
dr' V ; 

In these coordinates, the global structure is easily analyzed [15], and the Carter-Penrose 
diagram for the surface with metric (J4j) , ([5]) is shown in Fig. [1] It has one horizon at r_. In 




Figure 1: The Carter-Penrose diagram corresponding to a surface with metric (jl]), ([5]). 
Solid lines denote complete null infinity. The timelike boundary r = is incomplete, and 
the two-dimensional curvature is singular here. Filled circles denote complete space and 
time infinities. 

the limit I — > oo the outer horizon r + moves to infinity and the boundary r = oo becomes 
geodesically complete which is shown by solid thick lines. At the boundaries r = 0, the 
two dimensional curvature for metric (jl]), ([5]) is singular. Filled circles denote complete 
future, past and right, left "infinities". A circle in the center denotes incomplete vertex 
of conformal blocks. Unfortunately, the induced metric on sections of M corresponding 
to cp = const 

dr 2 



dr = -a 2 dr 



-« 2 + S 



r 2 

is quite different from (jl]), (jSJ). This metric is degenerate at the horizon r_ = c/az, where 
it changes signature. Therefore, we are not able to draw at least one Carter-Penrose 
diagram for it. 
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To avoid this difficulty, we draw the Carter-Penrose diagram for sections of constant 
"time" which is a spacelike coordinate inside the BTZ black hole. First, we diagonalize 
the metric on M 

dv 2 

ds 2 = -a 2 dt 2 T - r 2 d(p 2 + 2cd(pdt. (6) 

Performing the linear nondegenerate coordinate transformation 



t = t' + 



a 



2<P> 



(7) 



and keeping coordinates r and (p untouched, we obtain 



ds' = -a 2 dt' 2 - 



dr 2 



-a z + 



r — 



cr 



dip 2 . 



= f xU where 
corresponding 



Now the three-dimensional space-time can be represented as a product 
t' G R and (r, ip) G U. The two-dimensional surface U (sections of 
to t' = const) possesses the induced metric of Lorentzian signature. At this point we 
assume that <p G R making the identification *p ~ *p + 2n afterwards. Changing the radial 
coordinate, 

r = \Jlao 



a > for a > 0, 



the induced metric on U becomes 



df 



a 2 da 2 



2a 3 a 



c 2 - 2a 3 a , n 
+ j dip 2 . 



(9) 
(10) 



The conformal factor for the induced metric N(cr) = (c 2 — 2a 3 a)/a 2 is a linear function of 
a and therefore describes a surface of zero two-dimensional curvature. It has one horizon 
at ct_ = c 2 /2a 3 corresponding to inner horizon r_. The maximally extended surfaces 
(cr, tp) G U is represented by the Carter-Penrose diagram in Fig. [2J Here the maximal 
extension requires the infinite range of coordinates a G R and p> G R. To consolidate 
this range of coordinates with the original radial coordinate (Q we assume that a > 
for a > and a < for a < 0, and make the identification (cr, a) ~ (—cr, —a). We see 
that after the identification we must consider two-dimensional surfaces r = for M as the 
boundary. 



3.1 Geodesies 

The behavior of geodesies for the BTZ solution was considered in [T6l [T7] . In the case of 
zero cosmological constant equations for geodesies are greatly simplified, and a general 
solution can be written in elementary functions and analyzed in detail. 

To understand the nature of the singularity at r_ we analyze the behavior of geodesies 
x^(t) = (t(r),r(r), Lp(r)) for metric (\6§ in this section. The only nonzero Christoffel's 
symbols are 

2 

P 1 _ pO_pO cr 

1 11 — 7 — TT? 1 12 — J- 21 



r{a z r z — &) a z r z — c 

a 2 r 2 — c 2 „ o „ 2 a 2 r 



2' 



1 _ 2 _ 

1 22 — j 1 12 — 1 21 



cv 2 r 2 — c 2 
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Figure 2: The Carter-Penrose diagram corresponding to the surface U with metric ( UOl) . 
It represents two-dimensional flat Minkowskian plane in a, ip coordinates. The boundary 
is complete. Two copies of the BTZ solution are smoothly glued together along timelike 
dashed lines o = 0. 



The equations for geodesies 



yp^X if ', (11, 



where dots denote differentiation with respect to the canonical parameter r, become 

f = ~ 2 ^T~2 2^' 

a r — c 
c 2 , 2 a 2 r 2 — c 2 .o 

r = ~m — 2T r V ' (12) 

r{a r — c ) r v ' 

2 

OCT 

V = -2-2-2 2 T ^- 

a r — c 

These equations can be integrated in elementary functions. First, we note that any 
system of equations for geodesies has a conserved quantity: the length of a tangent vector 
Co — 9nvX^x v . It corresponds to conservation of energy of a point particle which, by 
assumption, moves along a geodesic line 

C = -a 2 i 2 + —J -r 2 - rV + 2ct0. (13) 

a r — c 

Another two conservations laws C\p = g^x^K^ correspond to the symmetry of the 
metric, generated by two Killing vector fields: K\ = d t and K 2 = d v . They describe 
respectively conservation of momenta and angular momenta 

d = -a 2 i + ap, (14) 
C 2 = ci-r 2 ip. (15) 



7 



Conservation laws (|T3l) - (|T5|) can be easily solved with respect to the first derivatives 




r 2 d + cC 2 



r 2 C 2 + 2cdC 2 + a 2 Cj 



(16) 



These equations are compared with their Euclidean counterpart in section 14.21 We show 
that the connected Lorentzian manifold breaks into disconnected pieces along horizons in 
the Euclidean case. 

Equations for geodesies ffTB"]) can be integrated explicitly. To make clear further inte- 
gration we perform the transformation to Cartesian coordinates. 

3.2 Transformation to Cartesian coordinates 

In this section we perform the coordinate transformation which brings the metric © into 
the usual Lorentzian form and shows that the Carter-Penrose diagram in Fig f5] represents 
the Minkowskian plane. We consider three-dimensional Minkowskian space 1R 1,2 with the 
Lorentz metric in Cartesian coordinates 



We introduce polar coordinates < R < oo, — oo < $ < oo in each of the four quadrants 
in the T, X plane (see Figj3j) 



Figure 3: Polar coordinates in the Minkowskian plane. Solid lines are hyperbolas of con- 
stant R. Arrows show increasing of the angle Shadowed regions denote the fundamental 
domain of the transformation group $ — > $ + 27ra. 



ds 2 = dT 2 - dX 2 - dY 2 . 



(17) 
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I: T = .Rsinh*, 
X = R cosh <3>, 
III: T = - J Rsinh$, 
X = -_Rcosh$, 



II: T = i2cosh$, 
X= i?sinh$, 
IV: T = -R cosh $, 
X = -i?sinh$. 



This transformation is degenerate on two lines i? = 0, and metric on the T,X plane 
becomes 



LIII : 



dl 2 
dl 2 



-dR 2 + R 2 d& 



II,IV : dl' z = dR 2 - i?W. 
Performing the further transformation 

\J c 2 — 2a 3 a 



;is) 



I,III : 



II,IV : 
I-IV : 



R 



R 



V2a~ 3 V 



a < 



a > 



a" 



2a 3 
2a 3 



$ = aip, 
Y = at', 



-OO < (f < co, 
-co <t'<co, 



we arrive precisely to metric (jHD, ( ITU1) . 

Now integrating equations (jTTI) for geodesies becomes trivial. A general solution is 

T = t + «oT, 
X = x + fir, 
y = Vo + w 2 r, 

and depends on six arbitrary constants: a position of a point in the Minkowskian space 
to i Xo, Vo and a velocity Vq, v\, v 2 of the geodesic which goes through this point. The inverse 
transformation, for example, in the first quadrant is 



1 

t = 



I 

Y + ^- arcth I — 



— a/c 2 — ct 4 (X 2 — T 2 ), 
a 

1 

— arcth 



a 



Elementary analysis shows that constants of integration (|T51) - (IT51) are 



Co = v o - 
Ci = — av 2 , 
cv 2 



J 2i 



a 



a 



+ a(x v - t Vi). 
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The considered coordinate transformations prove that the Carter-Penrose diagram in 
Figj2] represents a Minkowskian plane R 1 ' 1 . The global BTZ solution with zero cosmolog- 
ical constant is thus a product R x R 1,1 = R 1 ' 2 , i.e. a flat three-dimensional Minkowskian 
space-time. 

Now the maximally extended BTZ solution with zero cosmological constant and 
infinite range of <p becomes transparent: it is a flat three-dimensional Minkowskian space- 
time R 1 ' 2 without any singularity and horizons. BTZ solution ([6]) covers only one half of it. 
Maximal extension means that the BTZ solution for < a < oo is prolonged to negative 
values — oo < a < oo. For negative a we can define new coordinate r = \j2aa, a < 
and a < and again arrive at the BTZ solution. Thus, two copies of BTZ solution cover 
the whole Minkowskian space-time R 1 ' 2 and are smoothly glued together at r = 0. The 
"singularity" at r = is a purely coordinate one which is clear from the transformation 
(Q. We stress that the above analysis was performed for the whole range of the angle 
ip £ R. The periodicity of the angle will be considered in the next section. 

3.3 Periodicity of if 

Having in mind that the coordinate (p is interpreted as the angle < <p < 2tt in the 
exterior region of the BTZ solution with negative cosmological constant, we assume that 
the identification (p ~ <p + 2tt takes also place for zero cosmological constant. The trans- 
formation group G : ip — > ip + 27T acts freely and properly discontinuous on a line ip G R 
but not in the Minkowskian space-time R * . In the last case it has fixed points and the 
quotient space R 1,2 /G itself is not a manifold. 

Periodicity in ip means periodicity in the polar angle $ ~ $ + 2ira in the Minkowskian 
plane T, X considered in the previous section. The transformation group identifies points 
along hyperbolas R = const corresponding to different polar angles $ ~ $ + 2-Ka. Its 
action is not defined on two lines R = where polar coordinates are degenerate. Consid- 
ering these lines as the limit of hyperbolas, we assume that all their points are mapped 
into the origin under the action of the transformation group G. Then the transformation 
group acting in the T, X plane has the fundamental domain consisting of four wedges 
with identified boundaries shown by shadowed regions in Fig. El We denote them by I-IV 
according to the number of the corresponding quadrant. Identifying boundaries of the 
wedge makes it a cone. The vertexes of cones are glued in the origin of the Cartesian 
coordinate system. The origin is a fixed point for the transformation group and not a 
point of a manifold. Indeed, it does not have a neighborhood diffeomorphic to a disc. 
At the same time, it can not be excluded from the space-time because it lies at a finite 
distance. Thus, we have four cones in the Minkowskian plane with the common vertex 
in the origin. They are not conical singularities because the plane is equipped with the 
Lorentzian signature metric. 

The Killing vector K 2 = d v = adq> of the whole three-dimensional metric ([6]) is also 
the Killing vector for two-dimensional metric (fTSl) . Hence, the transformation group G is 
the isometry for two-dimensional Minkowskian plane T, X. 

The identification ip ~ ip + 2-7T acts also nontrivially on the third "time" coordinate t' 
in ([7]), but it remains well defined. 

Now we analyze the behavior of geodesies in the T, X plane. They are clearly straight 
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lines before the identification. Let us fix an arbitrary fundamental domain ($o, + 2na) 
and a timelike geodesic 1, shown in Fig. HI Particle moving along geodesic 1 in the T, X 
plane wraps around a cone. Its trajectory is represented by the sequence of segments of 
straight lines in the fundamental domain, each segment representing one rotation around 
the cone. The equation of geodesic 1 in polar coordinates in the first quadrant is 

tan 7! cosh $ — sinh $ 

K = Kq — — ; — , 

tan 71 cosh <3> — smli <P 

where 71 is the inclination of the line 1. Its segment from Rq to 

tan 71 cosh $ — sinh $ 
1 °tan7! cosh($ + 2na) — sinh($ + 2na) 

belongs to the fundamental domain. The next segment corresponding to polar angle 



i 


T 


/ 


/ X 












a fi /3 \ 



Figure 4: The image of the geodesic 1 in the fundamental domain $0, + 2ira. It 
consists of segments of straight lines with inclinations 71,72,73, • • • which cross the line 
$0 respectively at points Rq, Ri, R2, 

$ G ($0 + 2ira, $0 + 47TQ;) is identified with the segment of line 2 lying in the fundamental 
domain ($ , $0 + 27ra) but having different inclination 72. Continuing this procedure, we 
obtain equation for the k-th line 



R — Rk-i 



tan 7^ cosh $ — sinh $ 

1 



tan 7fc cosh $ — sinh $ 

where 



tan 7! cosh $ - sinh $ /inN 

-Kfc = -fto; rjr — ; s . , yjr — ; r, Uyj 

tan7i cosh( ( Po + — sinn(<t>o + a k) 



and we introduced shorthand notation 

«fc = 2nak, k = 0, ±1, ±2, 
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On the other hand, the segment of line k in the fundamental domain can be obtained as 
the projection of the segment of the previous line k — 1 

tan 7^ cosh $ - sinh$ /on x 

-Kfc — tik-\~ tt^ — ; s . , — ; r- (^U) 

tan7fe cosh(<P + «ij — sinn(<Po + a.\) 

Comparing Eqs. (fl9l) and (|20|) . we express the inclination angle 7^ of the k-th line through 
the original inclination angle 71 

tan 7! -tanha fc _i 

tan7 fc = . (21) 

1 — tan7i tanh«fc-i 

It is important that the inclination angles of segments depend only on the original incli- 
nation angle 71. They do not depend on the fundamental domain characterized by the 
angle $0 and the distance from the origin Rq. 

Equation ( !2T1) is also valid for lightlike and spacelike geodesies. 

As the consequence of Eq.( l2Tl) . we see that segments of all lightlike geodesies tan 71 = 
±1 remain lightlike tan7^ = ±1. All segments for timelike and spacelike geodesies are 
respectively timelike and spacelike having the same limit 

lim tan7fc = =pl. 

k— >±oo 

We see also that there are no closed timelike geodesies. 

To get a deeper insight into the behavior of geodesies we consider a& as a continuous 
variable 

tan7i — tanha 

tan7 Q = — . 

1 — tan7i tanha 

This function is plotted in FiglSJ For timelike geodesies | tan 71 1 > 1 it is singular when 

tanhatan7i = 1 (22) 

and has two branches. The upper and lower branches correspond to the motion of a 
particle respectively to the right and left in the first quadrant, the singularity (|22"1) being 
the turning point. 

All timelike geodesies start and end at the origin of the Cartesian coordinate system 
at finite values of proper time parameter making infinite number of rotations around the 
cone. Spacelike geodesies which do not lie entirely in one fundamental region approach 
the origin on the left making infinite number of rotations at a finite value of canonical 
parameter and go to the right space infinity. 

To understand the behavior of geodesies in other quadrants, it is sufficient to rotate 
the picture on ninety degrees. 

The behavior of geodesies at the origin of Cartesian coordinates is not defined. It can 
be naturally done by unfolding the cones and going back to Minkowskian plane T, X. 
Then timelike geodesies which do not cross boundary of the fundamental region IV are 
continued to the fundamental region II. Those timelike geodesies which cross the boundary 
of the fundamental region IV are continued to the fundamental domain I or III depending 
on the inclination. In the region I they move to the right at a finite distance, then return 
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-1 




Figure 5: The inclination of the trajectory segment versus continuous parameter — > 
a. For timelike geodesies |tan7i| > 1, it has two branches with the singularity at 
tanhatan7! = 1, corresponding to the turning point. The dependence is smooth for 
spacelike geodesies | tan 71] < 1. 

back to the origin, and are continued to the fundamental domain II. We draw trajectory 
of a static particle in the T, X plane after the identification in FigEl 

Timelike curves R = const (which are not geodesies) are closed loops after the identifi- 
cation $ ~ $ + 2ira. Thus, any particle with constant acceleration (in terms of Cartesian 
coordinates) has a closed timelike world line at regions I, III. 

To conclude this section, we draw the Carter-Penrose diagram for the Minkowskian 
plane after the polar angle identification $ ~ $ + 2ira in FigJTJ It looks like a flower. 

4 Euclidean version of the interior of the BTZ solu- 
tion 

The Euclidean version of the BTZ solution was considered in [18J when analyzing its 
thermodynamical properties. In this section we analyze global structure and geodesies of 
the Euclidean BTZ solution for zero cosmo logical constant. 

Here, we use many notations from the previous section though their meaning in the 
Euclidean case is often different. We hope that this step does not cause any inconvenience 
and simplifies the comparison of the two cases. 

The Euclidean counterpart of the BTZ metric ([2]) is given by the transformation 
r — > ir, I — > il, and J — > — J. Then the BTZ metric becomes 



ds 2 



( 




—a 



3 -2 +r [dip - —dt 1 



(23) 
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Figure 6: The trajectory of a static particle in the T, X plane. The fundamental domain 
is chosen symmetrically (— tt, it) in each quadrant. After the identification ip ~ <p + 2tc 
it makes infinite number of rotations around the cone in the fourth quadrant at a finite 
proper time. Afterwards it moves to the right in the first quadrant, returns back, making 
also an infinite number of rotations near the cone vertex, and goes to the second quadrant. 
There, after an infinite number of rotations, it goes to infinity. 

Let r± denote two positive roots 



Then metric (}23|) is degenerate at r = r+, has Euclidean signature (+++) for r + < r < oo, 

and Lorentzian signature (H ) for < r < r + . In fact, this metric describes two 

disjoint spaces: one for r + < r < oo with the Euclidean signature metric, and the other 
for < r < r + with the Lorentzian metric. This phenomena was demonstrated in the two- 
dimensional case where connected Lorentzian surface breaks into disconnected Euclidean 
pieces along horizons when going to the Euclidean signature metric [19J, horizons giving 
rise to possible conical singularities. The absence of conical singularities is precisely 
the definition of the Hawking temperature. The same phenomenon occurs also for zero 
cosmological constant (see Sec. 14.21) . 

In the limit I — > oo, metric (123]) reduces to the metric having Lorentzian signature 
everywhere and cannot be considered as the Euclidean version of ©• The Euclidean 
counterpart of the BTZ metric for zero cosmological constant (jH]) is given by the trans- 
formation t — > iz, ip — > ip: 




ds 2 = a 2 dz 2 + 



dr 2 



3- + r 2 d<p 2 — 2cd(pdz. 



(24) 




The range of coordinates is taken as 



r G (0,oo), ip e (0,27r) 



z G (— oo, oo). 



(25) 
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Figure 7: The Carter-Penrose diagram for the Minkowskian plane after the polar angle 
identification $ <~ $ + 2ira. 



This metric is degenerate at the horizon r_ = c/a, has Euclidean signature (+ + +) for 

outer region r_ < r < oo, and Lorentzian signature (H ) for inner region < r < r_. 

So, our starting point is metric ( 1241) . ( 1251) which is the Euclidean version of (EI). The 
problem is to find the space described by this metric. We show below that it describes 
two disjoint maximally extended manifolds, each being topologically equivalent to the 
Euclidean space M 3 with the wedge cut out or added to it. 



4.1 Transformation to Cartesian coordinates 

First, we consider the region c/a < r < oo, where metric f lM|) has Euclidean signature. 
This domain can be easily shown to be diffeomorphic to the whole Euclidean space M 3 
with the wedge of angle 2tt8, where 6 = a — 1, cut out or added. For negative and positive 
9 the wedge is respectively cut out or added to R 3 . 
Let X, Y, Z be Cartesian coordinates in R 3 

ds 2 = dX 2 + dY 2 + dZ 2 = dR 2 + R 2 d§ 2 + dZ 2 , (26) 

where R, $ are polar coordinates in the X, Y plane. Then the coordinate transformation: 



r / c 2 c 

R = -\ l — , - < r < oo, 

a V crr z a 



$ = atp, < $ < 2na, 

(27) 



c 



Z = az ip, — oo < z < oo, 



a 



brings metric to the form ff24l) . The wedge is cut out or added to the Euclidean space 
because the angle $ ranges from to 2iTa. This is determined by the original range of 
coordinates f[2"oT) . The sides of the wedge are identified (glued together). The axis R = 
is mapped into the horizon r_ which is now the surface of the cylinder. 
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The inverse transformation to (J27j) is 



1 

a 



,- y c (Y 
Z H arctan — 



ol 



X 



-Jc 2 + a 4 (X 2 + Y 2 ), 
a 

1 (Y 
— arctan — 
a V X 



The inner region < r < r_ is diffeomorphic to the Minkowskian space-time M 1 ' 2 with 
the metric 

ds 2 = -dX 2 - dY 2 + dZ 2 = -R 2 d<$> 2 - R 2 d<$> 2 + dZ 2 . (28) 
The coordinate transformation 



R= r - 



a v a 2 r 2 



aip, 



- 1, 



az <p, 

a 



< r < —, 

a 

< $ < 27ra, 



-oo < z < oo. 



(29) 



transforms metric (1281) also in the form ( TMl) . The range of the angle $ differs from 2ti. 
Therefore, the wedge is cut out or added to the Minkowskian space-time as in the previous 
case. The axis R = and infinity R = oo are respectively mapped into the horizon r_ 
and the axis r = 0. 



4.2 Geodesies 

To answer the question what is described by metric ff2^|) . (1251) . we must analyze the 
behavior of geodesies. Equations for geodesies (fT2"|) are 

cr 

z = -2^— ^r0, 

a r — cr 

c 2 . 9 a 2 r 2 - c 2 ,n 

r 2 + <fi 2 , (30) 



r{a 2 r 2 — c 2 ) 

2 

OCT 

V = ~ 2 ^T~2 2 T ^- 

(XT — C z 



The only difference from Eqs. ljTTT) is the substitution t — > z and the sign before the second 
term in the second equation. 

There are three conservation laws: 

2 

C = c?z 2 + -r 2 + r 2 ip 2 - 2apz, 

n 2- • 31 

Ci = a z — op, y ' 

C 2 = —cz + r 2 f. 

The last two conservation laws correspond to two Killing vectors K\ = d z and K 2 = cL. 
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A general solution of Eqs. (l30l) 



X = x + v iT, 

y = yo + v 2 t, 

Z = Z + V 3 T, 



depends on six arbitrary constants (x , y , z ) and (vx,v 2 , v 3 ) parameterizing the point 
and the direction of a geodesic at this point. Elementary analysis shows that 

2,2,2 

^0 = v l + v 2 + v 3 , 
C x = av 3 , 

C 2 = v 3 + a(x v 2 - y vx). 

a 

To make the difference between Lorentzian and Euclidean cases clear, we solve Eqs. 
fEJTj) with respect to the first derivatives 

. r 2 d + cC 2 

z = 

a 2 r 2 — c 2 ' 

. 2 _ aV-c 2 _ r 2 Cl + 2cC\C 2 + a 2 Cj , . 

, _cd + a 2 C 2 
^ a 2 r 2 — c 2 

The essential difference from the Lorentzian case ( Tl6|) is the sign before the second term 
in the expression for r 2 . At the horizon r_ = c/at we have 

. 2 (cCx + a 2 C 2 ) 2 
r = 



c 2 

We see that horizon is reached only by geodesies with cCx + a 2 C 2 = because the right 
hand side of this equation must be positive. For these geodesies 

• n • ° 2 

(p — 0, z — . 

c 

This means that in each plane z = const only radial geodesies reach the surface of the 
cylinder r = r_. Therefore, there are not enough geodesies to consider the boundary of 
the cylinder as a two-dimensional surface. Moreover, the circumference of the cylinder 
measured with metric fl2M is zero. We conclude that the boundary of the cylinder r = r_ 
is, in fact, a line. For the Lorentzian signature metric, there is no restriction on geodesies 
which reach the horizon due to the difference in signs. 

Previous analysis indicates that the connected Lorentzian manifold breaks into discon- 
nected pieces along horizons for the Euclidean case. To prove this, we consider another 
coordinate transformation R,Q,Z^ f, if), (: 

r=-, 

a 

$ = an/;, ^ 
Z = C-c4>. 
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In these coordinates the flat metric f|26l) becomes 



ds 2 = —df 2 + (f 2 + c 2 )dij 2 + d( 2 - 2cd(dij, 



(34) 



a 



but now the angle range is if) G (0,27r), and coordinates f,ip,C cover the whole M 3 and 
nothing else. (We use the unusual notation / for the radial coordinate because in the next 
section it is transformed / = f{p)-) This metric describes the space which is topologically 
R 3 with the "shifted" conical singularities along the ( axis. In the case c = 0, we have 
ordinary conical singularity in each section ( = const. This space is geodesically complete 
at infinity f —>■ oo because all geodesies in the original X, Y, Z coordinate are complete. 
Thus, the exterior region r_ < r < oo of the Euclidean BTZ metric for zero cosmological 
constant describes Euclidean space with "shifted" conical singularities at the £ axis. It is 
the maximally extended manifold. 

Metric (1341) is the Euclidean version of the metric considered in [T4] and has straight- 
forward interpretation in solid state physics considered in the next section. 

Similar analysis can be performed for the interior region, and we do not repeat it 
here. In fact, it is obvious from coordinate transformation f[2"§j) that the axis z for metric 
(124)) represents infinity and the surface of the cylinder is the "shifted" conical singularity 
at the Z axis of three-dimensional Minkowskian space-time (|28|) . This manifold is also 
maximally extended. 

Therefore metric ( 1241) . (12"5T) describes two disjoint maximally extended manifolds: the 
Euclidean space M 3 and the Minkowskian space-time M 1,2 with "shifted" conical singular- 
ities at the Z axis. 

5 Solid state physics interpretation 

In the geometric theory of defects (for review see [10J ) pure elastic deformations describe 
diffeomorphisms of the flat Euclidean space M 3 . The presence of defects: dislocations 
(defects in elastic media) and disclinations (defects in the spin structure), gives rise to 
nontrivial Riemann-Cartan geometry in M 3 , the curvature and torsion tensor being inter- 
preted as the surface density of Burgers and Frank vectors, respectively. In the absence 
of disclinations, curvature is equal to zero, and we have the space of absolute parallelism 
characterized only by nontrivial torsion. In this case, the SO(3)-connection is a pure gauge 
defined by the gauge conditions, and torsion is given by the triad field which satisfies 
Euclidean Einstein's equations with nontrivial sources (energy- momentum tensor). The 
corresponding Einstein's equations are written for the induced metric 



while the curvature tensor for the SO(3)-connection remains identically equal to zero. For 
continuous distribution of dislocations, the sources are described by continuous functions, 
and for single defects, we have 5-function type sources in the right hand side of Euclidean 
Einstein's equations. 

Metric (134"]) satisfies free Euclidean Einstein's equations everywhere except the ( axis, 
where we have a "shifted" conical singularity. We do not analyze the corresponding source 
here but simply give physical interpretation of this solution. 




S i:j = diag(+ + +) 
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The coordinate transformation from the fiat Euclidean space (1331) has the following 
interpretation in solid state physics. At the beginning, we have undeformed elastic media 
which is the flat Euclidean space 1R 3 . For negative deficit angle 2ir8, the wedge with the 
edge along the Z axis and the angle 2n\6\ is cut out from the media (see Fig.). For 
positive deficit angle, the wedge of the same media is added. Then the lower side of 



Figure 8: The combined wedge and screw dislocation. The picture is drawn for negative 
deficit angle 9 and the Burgers vector b which is antiparallel to the Z axis. 

the cut is moved along the Z axis in the opposite direction on the distance b = 2irc, 
where b is the Burgers vector, and both sides of the cut are glued together. The cut out 
or added wedge of media corresponds to the wedge dislocation, and the displacement of 
the lower side of the cut along the Z axis describes the screw dislocation. Both types 
of dislocations are experimentally observed defects in real crystals (see i.e. [20J). Thus, 
metric ([Mil qualitatively describes nontrivial geometry around combined wedge and screw 
dislocations. For this metric, we can construct triad field and the corresponding torsion 
tensor which is equal to the surface density of the Burgers vector. 

We used the word "qualitatively" because a solution of Einstein's equations can be 
written in an arbitrary coordinate system and does not depend on Lame coefficients 
which characterize the elastic properties of media. The coordinate transformation fl33|) 
describes only cut and paste process of defect creation. In reality, the media comes to 
the equilibrium state after gluing both sides of the cut, and this process is driven by 
the elasticity theory equations. Therefore, the induced metric must depend on Lame 
coefficients. To consolidate gravity and elasticity theories we proposed to use the elastic 
gauge |8j. It is given by the following construction. First, we fix the cylindrical coordinates 
p,ip,C m the Euclidean space related to the considered problem. The flat metric and the 
triad field are marked with a circle over a symbol 




ds 2 = g tiu dx fl dx l/ = dp 2 + p 2 dip 2 + d( 2 , 
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Then the elastic gauge is chosen to be 



o 

where a circle over the covariant derivative V M means that it is constructed for flat metric 



fiV! e T = e^ie^, and a = const is the Poisson ratio defined by the Lame coefficients 

Physical meaning of this gauge condition is based on the linear approximation. Sup- 
pose defects are absent, and we have only elastic deformations described by the displace- 
ment vector field u l (x) which parameterizes diffeomorphisms of R 3 . For simplicity, we 
assume that it is given in the Cartesian coordinate system. Than, for small relative 
displacements \d^u l \ <C 1, the induced triad field can be chosen in the form (there is a 
freedom in local SO(3) rotations): 

e^i « 5 Mi - ^(d^Ui + 8^). (36) 

In the linear approximation in Cartesian coordinates, Latin and Greek indices may be 
identified. Then the elastic gauge condition ( 1351) reduces to the usual linear elasticity 
theory equations for the displacement vector field [22] 

(1 - 2a) An, + d^v? = 0, (37) 

and the reduction of Eq. fl35l) to Eq. (jBTjl is quite obvious. Introduction of flat covariant 
derivatives in the elastic gauge (j3"o"|) allows us to use arbitrary coordinate systems. 
The triad field corresponding to metric (j3"%|) is 



(\ 0\ 

/ -c 
\0 X) 



(3f 



The /, i\) part of the triad corresponds to the symmetrized linear approximation (1361) . and 
the constant unsymmetrical ip part does not alter the form of the elastic gauge condition. 
We change the radial coordinate f — f(p) to rewrite the triad in the elastic gauge. Then 
the elastic gauge condition fl35l) reduces to the Euler ordinary differential equation 

rf 1+ «\ + L(L + °)-f( 1+ °) = . (39) 



a V I -2a J p \a 1 - 2a J p 2 \ 1 - 2a 

This is the same equation which arises for pure wedge dislocation [8] (the interested reader 
can find more details there). To uniquely fix the solution of this equation, we suppose that 
the media fills only the cylinder of finite radius Rq (this is needed to avoid divergences) 
and impose two additional gauge conditions 

e p p \ p =R = 1, | p= o = 0. 

The first gauge condition means the absence of external forces on the surface of the 
cylinder, and the second one corresponds to the absence of the angular component of 
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the deformation tensor at the core of dislocation. Afterwards, the solution of Eg. (1391) is 
uniquely defined 



a. 



where 

7 = -$B + V9 2 B 2 + 1 + 9, B 



2(1 -a)' 

Thus, the Euclidean version of the BTZ solution for zero cosmological constant (IM]1 in 
the elastic gauge (1351) becomes 




ds 2 = [ 1 dp 2 + I — J ( Tr ] p 2 + c 2 \d^ 2 + dC- 2crfC#- (40) 



2(7^1) 

This is the exact solution of the Euclidean Einstein equations written in the elastic gauge. 
It describes the induced metric around combined wedge and screw dislocations and non- 
trivially depends on the Poisson ratio characterizing the elastic properties of media. Be- 
low, this solution is compared with the result obtained entirely within the elasticity theory 
without referring to Einstein equations. 

The wedge and screw dislocations are relatively simple linear defects in solids, and the 
corresponding displacement vector field can be explicitly found as the solution to the linear 
elasticity field equations ( 1371) . The results are well known, and we skip their derivation. 
The displacement vector field for the wedge dislocation in cylindrical coordinates -R, Z 
is [21] 

4 wedge) = - e ^r^)p ln ^ M * wedge) = -w* M ? edge) = °. ( 41 ) 

where e is the base of the natural logarithm. The displacement vector field for the screw 
dislocation is [22] 

u% rew) = 4 screw) = 0, 4 screw) = c<P= —4>, (42) 

where b is the Burgers vector. The displacements vectors can be added in the linear elas- 
ticity theory, and the total displacement vector for combined wedge and screw dislocations 
becomes 

u = ^ (wedge) +u (screw)_ 

In our notations, the coordinate transformation corresponding to this displacement vector 
field is 

R = p — Ur, $ = Z = ( — Uz- 

P 

The induced metric within the elasticity theory becomes 
Hi-ic) = dR 2 + iiW + dZ 2 = 



1 — <J Kq 



P 2 (i + e 1 -f^\n^ + e-^)+c 2 

1 — a Rn 1 — a 



+ d( 2 - 2cd(d(f). 



(43) 
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The linear elasticity theory equations are valid for small relative displacements d^u 1 <C 1. 
Therefore, the induced metric in the elasticity theory is expected to give correct answer 
for small deficit angle 9 <C 1, small Burgers vector b/Ro <C 1, and near the surface of the 
cylinder p ~ R Q . 

To compare metrics (HUj) and (1431) . it is enough to consider small deficit angles. For 



Expanding expression (J5UD in 9, we obtain metric (|4"3"|) in the linear approximation. 

So, the elasticity theory induced metric reproduces only the linear approximation of 
the exact solution of the Euclidean Einstein's equations within the geometric theory of 
defects. Metric poj) obtained within the geometric approach is simpler in its form, valid 
for the whole range of radius < p < Ro, all deficit angles — 1 < 9 < oo, and Burgers 
vectors b. The components of the induced metric are proportional to the stress tensor 
of media. Therefore, the result obtained within the geometric theory of defects can be 
verified experimentally. 



6 Conclusion 

We considered the BTZ black hole solution for zero cosmological constant in detail. This 
case describes the interior region of the BTZ black hole and is simple enough to perform 
all calculation explicitly. We showed that points at r = are just coordinate singularities, 
and all geometric quantities are regular there, while the line r = r_ corresponding to the 
inner horizon is singular: these points are not points of a manifold. There are four cones 
at each point of the line r = r_. The singularity arises only after the identification of the 
polar angle ip ~ ip + 2ir. 

The singularity structure is probably the same in a general case for negative cosmo- 
logical constant, though it is analyzed only for zero cosmological constant. 

In the Euclidean case, the BTZ solution for zero cosmological constant breaks into 
two disjoint manifolds along the horizon r = r_ with Euclidean and Lorentzian signature 
metrics. The manifold with the Euclidean signature metric has straightforward physical 
interpretation in the geometric theory of defects describing combined wedge and screw 
dislocations in crystals. We showed that the induced metric obtained entirely within the 
ordinary elasticity theory provides only the linear approximation for the exact solution of 
Einstein's equations. The Euclidean metric in the elastic gauge obtained from the BTZ 
solution depends nontrivially on Lame coefficients and can be measured experimentally. 

The Euclidean version of the BTZ solution for negative cosmological constant has 
also straightforward interpretation in the geometric theory of defects, but in this case it 
describes continuous distribution of dislocations and is not so visual. 
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